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Modified Large Number Hypothesis 

G u a n g - W e n  M a  l 

Received March 7, 1995 

In the Brans-Dicke theory, a certain ~arge number hypothesis is equivalent 
implicitly to an equation of state. The equation of state corresponding to Dirac's 
large number hypothesis, however, is not reasonable. The Whitrow-Randall 
relation is regarded as a modification of Dirac's large number hypothesis, but it 
is not in fact in keeping with Dirac's original intention to relate only a single 
cosmological parameter to the gravitational "constant." In view of those facts, 
an alternative modification of Dirac's large number hypothesis is proposed. 

1. I N T R O D U C T I O N  

It is well  known that one of  the formulat ions o f  Dirac ' s  large number  
hypothesis  (LNH)  can be given by (Dirac, 1938) 

G ~ H  (1) 

where  G stands for the gravitat ional "constant"  and H is the Hubble  parameter  
RIR. Besides the considerat ion o f  embody ing  Mach ' s  principle, the L N H  
aims at explaining why the ratio of  the gravitat ional  to the electric force 
between the electron and the proton, 

Gmpme/e 2 = 4.4 • 10 -40 (2) 

is so small  (Weinberg, 1972). Obviously,  so long as relation (1) holds, G 
varies over  cosmic t ime scales and the reason that (2) is so small is s imply 
that the universe is old. 

The  starting point o f  Dirac ' s  L N H  is based on the fol lowing observa-  
tional fact: 

--G-c-c / m~r (3) 
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where h is the Planck constant, c is the velocity of light, m~ is the pion mass, 
and H0 = H(to) stands for the present Hubble parameter. If a relation like 
(3) remained valid when H were used in place of H0, one would obtain (1). 
The LNH (1), plus the relation 

Gnom p = H 2 (4) 

(no is the present cosmic baryon number density), leads to Dirac's cosmologi- 
cal model: 

R ~ t 1/3, G ~ t - I  (5) 

This result is inconsistent with observations in at least two points. First, the 
present rate of decrease of G given by (5) is 

(GIG)o = -3H0 ~ - 3  • 10-l~ (6) 

while the observational upper limit of the absolute value of ((T/G)o is 10-11/ 
year (Hellings, 1983). Second, (5) does not satisfy the anthropic principle, 
because, "if G has decreased as l/t,  then the temperature of the earth's surface 
109 years ago would have been above the boiling point of water," which 
"could have prevented the evolution of life forms capable of curiosity about 
the universe" (Weinberg, 1972). 

There are other observational facts, for example, 

Gpo ~ l / t  2 (7) 

where Po and to are the present energy density and age of the universe, 
respectively. A generalization of (7) 

Gp oc 1/t 2 (8) 

which is often called the Whitrow-Randall relation (Whitrow and Randall, 
1951), is regarded as a modification of Dirac's LNH. Some investigations 
of it have been made (Berman and Som, 1990; Berman, 1992a,b; Beesham, 
1994). It seems to me that there is an essential difference between the 
Whitrow-Randall relation (8) and Dirac's LNH (1). The relation (1) relates 
only a single cosmological parameter H to G. From it one can conclude that 
so long as H varies with time, so must G. That is just where the significance 
of the LNH lies. On the other hand, the relation (8) relates two cosmological 
parameters p and t to G, from which one cannot obtain the conclusion that 
G must vary with time. In fact, (8) is also required by the Friedmann models. 

Another well-known fact is that the gravitational field equations, together 
with a given equation of state, constitute the complete equations of dynamical 
cosmology in both general relativity and the Brans-Dicke theory (Brans and 
Dicke, 1961). If we drop the restriction (4) and use a certain LNH instead 
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of the equation of state, the fundamental equations of  dynamical cosmology 
in the Brans-Dicke theory are still complete. Hence, to adopt a certain LNH 
is in fact equivalent to giving implicitly an equation of state. The present 
paper will show that the equation of state corresponding to Dirac's LNH is 
unacceptable physically. We propose an alternative modification of Dirac's 
LNH without deviating from his spirit, from which an acceptable equation 
of state and reasonable solutions can be obtained. 

2. EQUATION OF STATE DERIVED FROM DIRAC'S LNH 

Consider the Robertson-Walker model with zero scalar curvature and 
perfect fluid source. The gravitational field equations in the Brans-Dicke 
theory read 

/~ 8~ 
3 - [(2 + to)p + 3(1 + to)p] - t o - -  - -- 

R (3 + 2to)~b 

- + 2 R Z -  [(1 + t o ) p - t o p ] - - -  R (3 + 2to)+ + R 

R 8~r 
4, + 3 6 R  - 3 + 2~ (p - 3p) 

If Dirac's LNH held, we should have 

12 
q b = - -  

H 

4, 2 4, 
(9) 

C ,1, 

(10) 

(11) 

(12) 

where 12 is a constant, and is equal to qb0H0. Noticing that R/R = H, i~/R = 
- q n  2, 1:t = - ( q  + 1)H 2 , / /  = - q H  2 + 2(q + 1)2H 3, 4,/qb = (q + 1)H, 
and 4,/~b = qH, we can write equations (9)-(11) as follows: 

8~ 
[(2 + to)p + 3 ( 1  + to)p] = - q -  [ to(q+ 1) 2 -  3q]H (13) 

(3 + 2to)12 

8"rr 
- -  [(1 + to)p - top] = 3H (14) 

(3 + 2to)12 

8,rr 
(p - 3p) = q + 3(q + 1)H (15) 

(3 + 2to)a 

From (13)-(15) we can obtain 

1 [ l + t o +  6 ( 3 + 2 t o )  ] 
P = ~ to(q +- ~2 -~  ~ + 2) p (16) 

12 
9 = ~ [ - to(q  + 1) 2 + 6(q + 2)]H (17) 
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Equat ion (16) can be regarded as an equat ion of  state. However ,  it is not a 
reasonable one. In order to see that, we only need to substitute the present  
values of  all quantities into (16) and (17). I f  we conservat ively take q0 = 
0.5 and co = 500 (Reasenberg et  al.,  1979), we have 

P0 ~" P0 ~" - 2 2 . 1  --H~ (18) 
Go 

Here we have used the relation 

2 c o + 4  
G -  - -  qb -1 (19) 

2 c o + 3  

When  we take to = 9 (Liddle et al.,  1992), we  obtain 

34 H 2 
Po ~" ~ -  Po ~ - 0 . 4  G---o (20) 

Both the results (18) and (20) are obviously  unreasonable.  

3. MODIFIED DIRAC LNH  

A natural generalization of  Dirac ' s  L N H  can be taken as 

+ = ~H-~ 

where ~ is a constant. We have now that 

_ _  - ~ (q  + 1)t-/, = 8[gill + (8 - l )(q + 1)2H 2] + 

Thus equations (9 ) - (11)  become  

8,rrH 8-2 

(3 + 2co)R 
[(2 + co)p + 3(1 + co)p] = - 8 4  - [8(co8 + ~ - 1) 

8,rrH 8-2 

(3 + 2co)N 

8xrHa-2 

(3 + 2co)N 

(21) 

(22) 

From (23) - (25)  we obtain that 

(q + 1)H (25) 

(q + 1) 2 - 3q]H (23) 

[(1 + co)P - cop] = [3 + (8 - 1)(q + 1)]H (24) 

( p -  3p) = 8 0 +  8 [ ( 8 -  1 ) ( q +  1) + 3] 
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1 [ 2[3 + (8 - 1)(q + 1)](3 + 2to)'~ 
= - ~o~ + 1 + ]-)2 ~ 6-~(q ~ -13 - - 6 } P  (26) P ~ O~2(q q- 

~ H 2 - ~  
P - 16,rr [-~ -F 1) 2 + 68(q + 1) + 6] (27) 

Eliminating p and p from (23)-(25) yields 

2co~ 4 = [~o~(2 - ~)(q + 1) 2 - 6(~o8 + 1)(q + 1) + 12]H (28) 

or, in more convenient form, 

d H _  2oJS(q + 1)d(q + 1) (29) 
H to8(2 - 8)(q + 1) 2 - 6(to8 + 1)(q + 1) + 12 

The general solution of  (29) is 

[q + 1 - (a - B)/to~(2 - 8)]A-B~ 1/(2-~)B 
CH = -~q + 1 (A + B)Ao~(2 ~ ) - ~ ]  (30) 

where C is an integral constant, and A and B are defined by 

A = 3(~o8 + 1), B = [A 2 - 12~o8(2 - 8)] 1/2 (31) 

The observational fact that Po = 0 in combination with (26) gives 

~o(co + 1)82(qo + 1) 2 - 2[to8 + (2e  + 3)](qo + 1) + 6(o~ + 2) = 0 
(32) 

Considering that many other cosmological models give 4 = 0 and that there 
is no distinct inconsistency between this result and the present observation, 
we can take qo = 0 for the moment. Thus (28) gives 

~o8(2 - ~)(qo + 1) 2 - 6(to~ + 1)(qo + 1) + 12 = 0 (33) 

The set of equations (32) and (33) has the solutions 

2 o ~ + 2  
8 - 3o~ + ~ '  qo - 2(oJ + 1) (34) 

Substituting (34) into (30) gives C = 0, from which we immediately obtain 
4 = qo = 0. The cosmological solutions are then given by 

p = 0  

p ~ t-6(l+to)/(4+3to) 

R oc t2(l+~176 

(~ cc t2/(4+3t~ 

(35) 

(36) 

(37) 

(38) 
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The solutions (36) - (38)  are just  those given by Brans and Dicke (1961) using 
the equation o f  state p = 0. 

4. D I S C U S S I O N  

From (21) and (34) we can rewrite the modif ied Dirac L N H  in the form 

G oc H2/(4+3t~ (39) 

It relates a single cosmological  parameter  H to G. In this sense we can say 
that it embodies  Dirac 's  spirit. 

As mentioned above, the starting point  o f  Dirac 's  L N H  is the observa- 
tional result (3). For  our modified L N H  have we any relation like (3) which 
is used as a starting point? We think that such a relation exists and can be 
taken to have the form 

[ Gmpme ( ~ 5  2~ l/(l +4~ ~ l (40) 

e 2 

where a = e2/hc is the fine structure constant. 
Moreover,  if we believe that o~ = 9, we should have q0 = 11/20, G 

t -2/31, and (Cr/G)o = -31H0 /320 .  Those results do not contradict the astro- 
physical data within the present observational accuracy. 
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